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Law for Mul! [component Droplet Vaporization
and Combustion

C. K. Law* and H. K. Lawt
Northwestern University, Evanston, III.

The multicomponent analog of the classical spherically symmetric single-component i/2-Law for droplet
vaporization and combustion has been formulated based on the concept that the extremely slow rate of liquid-
phase mass diffusion causes the droplet concentration distributions to attain almost constant values during much
of the droplet lifetime. Explicit formulas are presented allowing direct evaluation of all properties of interest.
Experimental results obtained for an alcohol-alkane binary droplet confirm the tf2-Law behavior and the
compositional dependence of the burning rate constant. The characteristics of internal bubbling leading to
disruptive combustion are also discussed.
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Nomenclature
specific heat at constant pressure
droplet diameter
mass diffusivity
heat needed for droplet heating for unit mass of
liquid gasified
burning rate constant, - d(d%) /dt
normalized burning rate constant, Eq. (37)
specific heat of vaporization
LeiLi
Lewis number ,
mass burning rate

= pressure
= specific heat of combustion
= ̂ Qi
= radial distance
=rf/rs
= gas constant
= temperature
= CgT
= limit of superheat
= molecular weight
= molar fraction
= mass fraction

7 = (\gCg)/(\Cg)
e. = mi/mF = mi/tmi
rj = ymFLef(\-a)
X = thermal conductivity coefficient
vt - stoichiometric oxidizer to fuel mass ratio
p - density
o =r/rs
T = transformed time
X - defined in Eq. (7)
Subscripts
b = boiling state
/ = flame
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F = all the vaporizing fuel species
g = gas phase
/ = index for vaporizing species
£ = liquid phase
n = normal atmosphere
O = oxidizer
s = droplet surface
0 = initial state
oo = ambiance
1,2 = inner and outer regions to the flame

I. Introduction

RECENT concern over the wide-specification nature of
synthetic and derived fuels has generated much interest in

the vaporization and combustion of multicomponent liquid
fuel droplets,1>2 which frequently determine the bulk com-
bustion characteristics of sprays in many forms of liquid-
fueled combustors. Compared with the conventional
petroleum fuels, these fuel blends have more complex
compositions and also wider and higher boiling point ranges.
It is then obvious that not only the fuel vaporization process,
but also such strongly kinetically-dependent gas-phase
combustion phenomena as ignition, extinction, and pollutant
formation will depend sensitively on the composition of the
liquid fuel and how its vaporization is modeled. The classical
<tf2-Law model for droplet vaporization and combustion,3'4
which is formulated for a single-component fuel but has been
used for multicomponent fuels, is not expected to be adequate
to meet the more stringent demands just mentioned.

The basic spherically-symmetric model for multicomponent
droplet vaporization and combustion has been formulated in
Ref. 5. The model assumes equilibrium vaporization at the
droplet surface, flame-sheet combustion, and the heat and
mass transport processes being transient-diffusive in the
liquid phase and quasisteady, convective-diffusive in the gas
phase. Only numerical solution of the governing equations
was attempted5 because although explicit expressions can be
obtained for all of the gas-phase properties of interest, they
are expressed in terms of the interfacial parameters which
depend on the liquid-phase processes. These processes are
governed by heat-conduction type equations with a moving
boundary, viz., the regressing droplet surface, which are only
amenable to numerical solutions. The numerical efforts are
further complicated by the stiffness of the coupled governing
equations because of the much faster thermal diffusion rate
compared with the mass diffusion rate. Thus, there is the need
for approximate analytical solutions describing multicom-
ponent droplet vaporization and combustion.
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Fig. 1 Comparison of the nearly-asymptotic concentration profile
from the numerical transient solution with the quasisteady profile of
the present multicomponent d2 -Law.

II. Theoretical Model
The situation of interest is the isobaric, spherically sym-

metric vaporization of a droplet, initially of radius rs0,
temperature T0(r), and consisting of TV miscible compounds
characterized by their respective mass fractions Yi0 (r) ,
molecular weights Wt> specific latent heats of vaporization
Lit normal boiling temperatures Tbni evaluated at the normal
atmospheric pressure pn, that at time t = Q is introduced, and
ignited in the case of combustion, in a stagnant, unbounded
atmosphere. The atmosphere is characterized by its tem-
perature pressure pw, and mass fractions Y0oo of an
oxidizing gas O and (1 - Y0oo ) of a noncondensable inert gas,
say nitrogen.

Assuming4 gas-phase quasisteadiness, flame-sheet com-
bustion, and conventional transport properties including
unitary Lewis number, it can be shown5 that the total and
fractional mass vaporization rate, mF and ei = mi/mF9 the
flame-front location ff9 the flame temperature Tf9 and H can
all be expressed in terms of the states at the droplet surface,

F = &i\l
L + H (D

Fgs (2)

The numerical results of Ref. 5 do yield the following in-
teresting observation. Because of the slow rate of liquid-phase
mass diffusion compared with those of thermal diffusion and
surface regression, the liquid-phase concentrations rapidly
approach almost constant profiles after vaporization is
initiated. The concentrations vary steeply close to the surface,
but rapidly approach their initial values when moving inward.
This behavior is illustrated in Fig. 1, which shows the molar
fractions vs the normalized radial distance, for a 50-50 molar-
% of decane-dodecane droplet undergoing vaporization in a
2000 K, 1 atm environment. The rate with which the,con-
centrations attain their constant profiles is actually limited by,
and therefore follows, the rate of droplet heating, to be
discussed next.

Our previous studies on droplet heating6'7 have shown that
after initiation of vaporization, the surface layer is heated
rapidly to attain almost its steady-state temperature; during
this period vaporization is slow because most of the heat
arriving at the droplet surface is used for droplet heating.
However, once this massive surface layer, which contains
much of the droplet mass, is heated up, vaporization will
proceed at a fast rate because the subsequent heating of the
much lighter inner core demands only small amounts from the
overall heat budget at the surface. These results demonstrate
that significant droplet heating and rapid vaporization are
somewhat mutually exclusive events, and that after the initial
period the droplet surface can be considered to be at its
steady-state value such that droplet heating is almost
negligible as far as the heat requirement is concerned. Fur-
thermore, since the droplet concentration profiles closely
follow the temperature variations at the droplet surface, they
attain their steady-state values whenever the droplet surface
has reached its steady-state temperature. In particular, when
there is only little droplet heating, which is likely to be the
practical situation of interest because only a sufficiently hot
droplet is ignitable, the droplet concentrations will attain their
steady-state profiles fairly early in the droplet lifetime.

Based on the preceding discussions, a quasisteady model
has been formulated and is presented herein. The governing
equations are stated and solved in the next section. In Sec. Ill
results from an experiment involving spherically-symmetric
droplet combustion are presented; they substantiate the basic
mechanisms of the theoretical model. Finally, limitation and
utility of the model, particularly the further exploration of a
disruptive combustion phenomena caused by internal
superheating,5 are discussed.

and

H=

(3)

(4)

(5)
Fgs

In the preceding we also have mF = n
T=CgT, L = LeiLifQ = ̂ eiQif Y0<x = Y0oo/Leivi, where *>, is
the stoichiometric oxidizer-to-fuel mass ratio, and the
summation is to be performed over all of the vaporizing
species F. The problem has also been formulated in such a
generalized manner that the results specialize to pure
vaporization simply by setting Y0oo = 0. For pure vaporization
in an environment consisting of some of the vaporizing
species such that Yioo 5^0, then Eq. (2) is modified5 and some
of the following derivations are also somewhat more
algebraically cumbersome. We choose not to include this
special case for the sake of simplicity and clarity.

Evaluation of the quantities in Eqs. (1-5) requires
knowledge of the temperature Ts and fuel vapor con-
centration YFgs = EYigs at the droplet surface. If we assume
for simplicity ideal mixture behavior and equilibrium
vaporization, then the vapor concentrations can be expressed
through Raoult's law

XigS — XfcXi ( T s ) (6)

where x/ ( T s ) is the equilibrium molar concentration for the
pure component /. The functional form of x/ ( T s ) depends on
the particular relation used to calculate the vapor pressure;
for example if we use the Clausius-Clapeyron relation, then

where ^i=Li/Ri and R- is the gas constant. It may also be
emphasized that the ideal mixture assumption is not essential
toward development of the model. Realistic behavior of
nonideal mixtures can be incorporated through the use of
activity coefficients.
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Using Eqs. (6) and (7), it is seen that the quantities in Eqs.
(1-5) now depend on Ts and Xi(s, which are to be determined
by studying the liquid-phase transport processes. Indeed, the
primary objective of the present analysis is to determine these
two quantities. Hence, according to earlier discussion, we
shall assume that the droplet surface temperature and its
concentration distributions remain constant at Ts and Yie(r),
respectively. The temperature assumption implies that it is not
necessary to study liquid-phase heat conduction. Fur-
thermore, since there is very little droplet heating, Eq. (5) is
simply

(8)

which gives an independent relation between YFgs and Ts.
To obtain the concentration distributions according to our

assumption, we first write the general transient-diffusion
equation5

(9)dt r2 dr \ dr )

Since the droplet surface is continuously regressing, the
location of one of the liquid-phase boundaries is time
dependent. It is, however, advantageous to include all the
transient effects in the differential equation such that the
boundary conditions are time independent. Thus with the new
independent variables

and r-
r,(t)

Eq. (9) is transformed to

BY

r * ( t ' )

dYx dY,

with the initial and boundary conditions 5

(dYi(/da)a=0 =

(10)

(11)

(12)

(13)

where y=(\gCe)/(\Cg),Lef = \f/(Cep($>l!) is the liquid-
phase Lewis number, and the identity mF =
- (pfCg/2\g)dr2

s/dt has also been used. Thus the liquid
boundaries are now fixed at a= (0,1), with the additional
convection term in Eq. (10) representing surface regression.

Thus to derive the constant concentration profiles, we set
ar/T/dr = OinEq. (10), yielding

The region of interest here is a—I , where Yi( changes rapidly
within a narrow layer. Furthermore, due to diffusional
resistance, we also expect that the larger the Let , the narrower
this layer is. Thus the structure of this layer can be resolved in
the stretched coordinate

rj = ymFLeg(l-a)

in which the dependence on 7 and mF is also included.
Substituting Eq. (15) into Eqs. (14) and (13), we have

(15)

and

The second boundary condition for Eq. (16) is

(17)

(18)

which implies that the droplet interior remains uninfluenced.
The solution of Eqs. (16-18) is

which displays the structure of the concentration profile.
Since, generally, 7 = 0(1) and mF = Q(l) except for very slow
rates of vaporization, the exponential term is significant only
for regions close to the droplet surface where (1 - a) =

Equation (19) is still not explicit because of Yi(s and e7 .
Evaluating Eq. (19) at the droplet surface, a= 1, we obtain

*t=Ym (20)

which states that the fractional mass vaporization rate is equal
to the initial mass fraction. This result is consistent with the
overall mass conservation and the present quasisteady
assumption, as should be.

Thus equating Eqs. (2) and (20), and using Eq. (6), we have

YilsXi

which yields

Summing over Eq. (22),

Using Eqs. (22) and (23), we finally obtain

Y Ym/Xi/&~ vy I

and

(21)

(22)

(23)

(24)

(25)

Equation (25) is the final expression for the concentration
profile Yi(. The only unknown parameter here is Ts, which is
needed to determine mF and Xi.

The droplet temperature Ts can be found by solving Eq. (8),
in which YF can be expressed by first combining Eqs. (2) and
(20),

YP^ = Yigs/Ym (26)

Converting Yigs to Xigs, using Eq, (6) to relate Xigs to Xies,
converting Xi!s back to y/&, and then using Eq. (24) to relate
Yits to Yifo, it can be shown that Eq. (26) can be expressed as

_
dr?

(16) where WA is an average molecular weight of all the non-
vaporizing species at the droplet surface. In arriving at Eq.
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(27) one also may note the care needed in the conversion
between the molar and mass fractions. This is because even
though constant molecular weight has been assumed in the
gas-phase solutions, molecular weight effect is much stronger,
especially for the case of pure vaporization, in evaluating the
vapor pressures at the droplet surface and therefore should be
properly accounted.

The problem is completely solved at this stage. Thus, once
Ts is determined from Eq. (8) using Eq. (27), mF and Yi( (a)
are, respectively, given by Eqs. (1) and (25). The in-
stantaneous droplet size then follows the of2 -Law behavior

2
s = d2

s0-Kt . ( 2 8 )

where K=

It is of interest to compare the evaporation rate constant K
derived herein

K= 8\0

—— ] (29)

It is also significant to note that the solution procedure of
the present multicomponent cf.2-Law is of the same degree of
simplicity as the classical single-component c?2-Law; namely,
it involves an iterative determination of Ts followed by
straightforward substitution for other quantities. The single-
component case, however, does offer one possibility of
further simplification. That is, when the droplet is vaporizing
vigorously, for all practical purposes Ts can be approximated
by the liquid boiling point under prevailing pressure, which is
a given fuel property. On the other hand, the boiling point for
the multicomponent fuel still has to be iteratively determined
by solving Eq. (27) with YFgs = 1, or

(32)

with the formula intuitively stated by Wood et al.8

An approximate analytical expression can be derived from
Eq. (32) for Tb. If we use Eq. (7) for x/ and if Tbi is the boiling
point of the ith species atp^, then x/ can also be expressed as

(33)

For mixture components with close boiling points, Eq. (33)
can be expanded, yielding

(34)

•K=- (30)

It is seen that Eq. (30) uses a single v and <2, without properly
weighing the contributions from different species. The
average density also is expressed incorrectly. Finally, there is
also no provision in Ref. 8 for the calculation of Ts, which is
an important quantity for pure vaporization.

Next, we note that in deriving Eqs. (1-5), and subsequently
Eq. (29), we have assumed constant transport properties and
frozen equilibrium at the flame. It is generally recognized that
while these assumptions may not affect the qualitative trend
of the combustion behavior, they do cause serious uncertainty
and inaccuracy in quantitative predictions. The situation is
particularly serious for combustion in an oxidizer-rich en-
vironment in that the high flame temperature not only assures
the importance of product dissociation, it also causes greater
variation and, thereby, uncertainty in estimating the average
transport property values.

To approximately allow for these effects, we have derived
an improved expression for the burning rate constant,

Substituting Eq. (34) into Eq. (32) and rearranging, we obtain

K= Cg](Tf-T5)

(31)

In Eq. (31) we have allowed for constant, but unequal values
for Xg, Cg; and (pg£>g) for both the inner and outer regions to
the flame, where the subscripts 1 and 2, respectively,
designate the inner and outer regions, it is also expressed in
terms of the flame temperature Tf, which is simply the
adiabatic flame temperature assuming (concentration-
weighted) stoichiometric composition and dissociation
equilibrium. Thus, it can be separately evaluated using
standard chemical equilibrium calculations.9 Determination
of the average transport coefficients requires proper con-
centration weighting and using the 1A rule for temperature
averaging. Details and justifications of this approach can be
found in Ref. 10. Equation (31) is the expression we actually
used in comparison with our experimental data, as will be
discussed later.

"
(35)

Equation (35) is most useful for /?„ = 1 atm because the Tbi
9s

are tabulated values. Furthermore, since for most liquids
$./Tbi=*const at normal atmosphere according to Trouton's
rule, Eq. (35) becomes

r V V T' ' (1£\
b-LXifoTbi (36)

which simply states that the boiling point of the mixture is the
sum of the molar-concentration-weighted boiling points of
the individual components. The result is reasonable.

For a burning droplet an accurate knowledge of Ts actually
is not essential in determining mF because of the dominance
of the chemical heat release, Y0ooQ, over the sensible heat
Cg(T(X — Ts). The dependence on Ts is somewhat stronger
for K because of its influence on the liquid density p&. At any
rate, it is reasonable to expect that quite accurate estimates for
all of the bulk combustion parameters can be obtained
through simple substitution by using Eq. (36). In the case of
pure vaporization, however, an accurate knowledge of Ts,
obtained through iteration, may be necessary.

To demonstrate the salient features of the model, Fig. 1
compares the nearly asymptotic (at half-life) concentration
profile of the transient numerical solution of Ref. 5 with the
quasisteady profile of the present cf2-Law. The property
values used are Cg = 1 cal/g-K, 7 = 0.2, and Lef = 30. It is seen
that the comparison is quite satisfactory. The predicted
droplet temperature of 458 K also agrees closely with the
asymptotic value of 460 K from the numerical solution.

Figure 2 shows the compositional variations of the nor-
malized burning rate constant

K=
K-K,octanol

_ ix-
undecane octanol

(37)

for an octanol/undecane droplet burning in an environment
characterized by 7^=300 K, p00=90-mm Hg, and
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Fig. 2 Dependence of the theoretical and experimental values of the
normalized burning rate constant on the mixture composition for an
octanol-undecane droplet.
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Fig. 3 Experimental demonstration of the existence of tf2-Law for
multicomponent droplets.

X0oo =0.40. This is the system adopted for our experimental
investigation, as will be discussed later. Equation (31) is used
in generating the results in Fig. 2. Thus, it is seen that K, and
therefore mF, vary with the volume fraction in a somewhat
linear fashion. It is further found that this variation primarily
is due to the higher latent heat of vaporization of octanol
relative to undecane; the difference in the chemical heat
release is small. It is obvious that the compositional variation
of mF can be either widened by using a lower alcohol (say
ethanol instead of octanol), or narrowed by substituting
octanol by another alkane such that both components have
similar heats of vaporization and combustion.

III. Experimental Investigation
For an experimental investigation of the present

multicomponent droplet combustion model, we have adopted
the suspended droplet, spark-ignition technique for its
simplicity and controllability. However, several con-
siderations are needed in order for the experiment to conform
with the basic features of the model, as will be explained in the
following.

Perhaps the most important feature of the model is that
liquid-phase mass transport is diffusion controlled, implying
the absence of any internal recirculatory motion which is
frequently generated by external convection, either forced or
natural. Thus, for the suspended droplet experiment it is
essential to either eliminate or minimize buoyancy. Our
approach to achieve this is to conduct the experiment under
low pressure. To compensate for any possible finite-rate
kinetic effects which degrade the flame-sheet assumption, the
environment is, in addition, enriched with oxygen. We have
thus determined that an environment with /700=90-mm Hg
and X0oo =0.40 satisfies the requirements.11 Other details of

0 0.2 0.4 0.6 0.8 1.0

X$ 0 (heptane)

Fig. 4 Compositional dependence of the onset of internal
homogeneous nucleation.

the experimental apparatus and procedure can be found in
Ref. 11.

The binary components selected for study are octanol and
«-undecane, which have almost the same boiling points at 1
atm. The need to approximately match the boiling points of
the components arises from the potential occurrence of in-
ternal bubbling if the components have substantially different
boiling points. The particular volatility selected is a com-
promise between minimizing the extent of prevaporization
before ignition such that there is negligible change in the
droplet composition from the prepared value, and minimizing
the amount of droplet heating as required by the model.

Figure 3 shows variation of the square of the droplet
diameter with time for a binary-component droplet initially
consisting of 50% undecane and 50% octanol by volume. The
droplet heating period, which spans about 10-15% of the
droplet lifetime, is not shown here because of the relatively
large scatter caused by ignition disturbance. Figure 3
demonstrates conclusively that d2

s varies linearly with time
• and is, therefore, in agreement with the quasisteady,
spherically-symmetric liquid-phase diffusion controlled
combustion described by the model. This behavior is
qualitatively different from that observed by Wood et al.,8

who reported that their d2 vs -t curve exhibits a finite cur-
vature with the initial and final slopes corresponding to those
of the more or less volatile components, respectively. While
the reported close agreement seems somewhat surprising
considering possible influence due to initial transient droplet
heat up and also the accuracy of the raw data, the qualitative
trend does substantiate the concept that in their experiments
liquid-phase mass transfer is facilitated through the
buoyancy-generated internal circulation, such that the
volatility differentials exert stronger influence on the burning
behavior. For sprays under practical situations, the droplet
sizes are much smaller. Hence, the intensities of both natural
and forced convection are relatively weaker, implying that the
present diffusion-controlled combustion mode may be the
dominant .one under suitable situations.

In Fig. 2 the experimental data for K is compared with
the theoretical curve, where AToctanol =0.887 mmVs and
^undecane =0.952 mm2/s. It is clear that while the theoretical
curve predicts well the experimental data, for mixtures the
predictions are consistently slightly less than the observed
values. This may be caused by the ideal mixture assumption
used in the theory. Since octanol and undecane obviously
cannot form an ideal mixture because of their difference in
the molecular structures, it is reasonable to expect that the
fuel vapor pressure at the droplet surface is slightly higher
than that given by Raoult's law. This can cause the observed
slightly higher burning rate.
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IV. Discussions on Internal Bubbling
The knowledge of the droplet concentration profile allows

direct estimation of the importance of such liquid-phase
kinetic processes as carbonization and internal boiling and
superheating.5 The possibility of internal bubbling caused by
the nucleation of the more volatile components, which are
prevented from reaching the droplet surface because of
diffusional resistance, was first theoretically demonstrated to
be possible by Landis and Mills12 for heterogeneous
nucleation, and by Law5 for homogeneous nucleation. This
event may enhance significantly fuel spray atomization. Using
the present simplified formulation, and assuming as a limiting
case that the droplet temperature is uniform at Ts, the
possible occurrence of internal bubbling can be assessed easily
by checking if the relations

Ts>EXig(a) TLl for homogeneous nucleation . (38)

or

Ts>Th( a;Xie) for heterogeneous nucleation (39)

are satisfied, where TLi is the limit of superheat5'13 and Th is
the boiling point corresponding to the local mixture com-
position. Figure 4 shows the dependence of homogeneous
nucleation on pressure and composition for a burning binary
droplet, with 7^=300 K and r0oo=0.23. It is seen that in-
creasing the pressure enhances nucleation because the droplet
can then sustain a higher temperature due to the elevation of
the boiling point. The nucleation boundary exhibits a
parabola-like profile, as originally observed in Ref, 14. It is
also in qualitative agreement with the recent experimental
results of Ref. 15. For these curves nucleation is favored for
an optimum mix of the high- and low-boiling-point fuels; the
high-boiling-point fuel is needed to drive up the droplet
temperature because of its high concentration at the surface,
whereas the low-boiling-point fuel is needed to facilitate
nucleation in the droplet interior. Thus, widening the boiling
point difference, say by substituting hexadecane with oc-
tadecane, enhances the occurrence of nucleation. It may also
be emphasized that the boundaries shown in Fig. 4 were
obtained by using the thermodynamic limit of superheat as
the criterion. In experimental situations homogeneous
nucleation may occur before this limit. Then the boundaries
in Fig. 4 will be shifted downward.

V. Concluding Remarks
In the present study we have derived a simplified, ap-

proximate, solution for the quasisteady, spherically-
symmetric, liquid-phase mass diffusion controlled
vaporization and combustion of multicomponent fuel
droplets. This solution allows direct evaluation of all com-
bustion properties of interest, including the liquid-phase
composition profiles, once the droplet surface temperature is
determined iteratively. Therefore, utilization of the present
multicomponent £/2-Law is almost as simple as the classical
pure-component c/2-Law.

It is, however, worth emphasizing the limitations of the
present model. It is not applicable during the initial period of
droplet burning when the initial droplet temperature and
concentration profiles are adjusting to their quasisteady
values. It also breaks down for small values of Lee and ex-
cessively slow rate of vaporization, when mFLef,<0(\). For.
these cases the problem has to be treated as transient. The

model also ceases to be useful as internal circulation generated
by external convection becomes intense. The bulk combustion
behavior can then be assessed using either an approximate,
batch-distillation type model16 or a more rigorous, two-
dimensional model recently formulated by Lara-Urbanejo
and Sirignano.17
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